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’ INTRODUCTION

The stability, phase, optical, and rheological properties of
suspensions of nanoparticles and colloidal particles are often
intimately connected to the surfactants or surface grafted chains
attached to the particles’ surfaces. These systems have been of
great interest since the 1990s due to their potential applications
in many disciplines, most importantly as drug delivery platforms
in pharmacology1 as well as in self-assembly2�4 and nanoparticle
optical properties.4 The applications often rely on the wide range
of morphologies that are available to block copolymers when
manipulated under appropriate conditions.2,5 In all these exam-
ples, the chemistry and conformation of the corona or polymer
coating layer play a key role in moderating and stabilizing the
observed behavior.

In contrast to the wealth of experimental data on these systems
(in particular, see refs 5�7), the theoretical understanding of
what happens in the corona of these systems when in solution is
still quite crude, often restricted to planar surfaces, scaling
arguments, infinite dilution, or rigid polyelectrolyte conforma-
tions,8�14 and in particular does not include the effects of che-
mical equilibrium (something that is only justifiable for strong
acid or base monomers and/or at high enough levels of screening
where electrostatic interactions between the ionizable mono-
mers can be neglected). Notable exceptions are the works of
Leermakers et al.15 on brushes on flat surfaces using a phenom-
enological free energy approach and the related work of Klein
Wolterink et al.16 and of Nap et al.17 on spherical (or planar or
cylindrical) systems. As far as we know, none have included
chemical equilibrium and interaggregate correlations self-
consistently, although Linse’s18 full Monte Carlo simulations of
short-chain diblock polyampholyte coronas (with permanent
degrees of ionization per monomer) do calculate correlation
functions.

As just mentioned, the works of refs 16 and 17 are based on
self-consistent free energy calculations which, while capturing
many of the intra-aggregate features, ignore any detailed effects of
correlations between particles, something that is justified only at
high aggregate dilution. Nonetheless, as we will see, many of our
results are in qualitative agreement with their calculations. In
addition, their work on so-called strong acid or base coronas
agrees with our earlier work on these systems, specifically, with
respect to strong chain stretching under poor screening condi-
tions, resulting in crystalline-like or defected, rigid-rod-like
conformations as discussed in refs 19�21. In addition, density
profiles, form factors, interaggregate correlations, the effects of
screening, etc., were presented in these works.

Here we extend our approach to include chemical equilibrium
by using combinations of liquid-state integral equations and
mean-field Monte Carlo simulations19�24 to explicitly determine
variations in the linear backbone charge density of the brush.
These variations are the result of the ionization equilibrium in
the corona and must be determined in a way that is self-
consistent with other aspects of the model, i.e., with intra- and
interparticle conformations and correlations. The results pres-
ented here highlight some of the more dramatic effects that can
be seen in the corona of block copolymer micelles with a
polyelectrolyte corona when dissolved in water under different
conditions of pH and ionic strength. In particular, under condi-
tions that lead to intermediate levels of ionization, the free energy
difference between stretched, more ionized, chains and random,
more neutral, ones can be very slight, resulting in a conforma-
tional frustration in the chains in the corona of a micelle, leading
to bimodal monomer distributions in qualitative agreement with
the results of refs 16 and 17.

The ad hoc assumption of uniform charge density along the
chains of the corona precludes any cooperative ionization
phenomena; specifically, ionization in one region of the chain
decreasing the likelihood the nearby portions of the chain will
also become ionized. The interplay between the free energy of
ionization, the free energy changes associated with conforma-
tional changes, screening, and Coulombic interactions within the
brush can lead to new phases within the corona. Like Klein
Wolterink et al.,16 not only do we account for these phenomena
by allowing the self-consistent variation of ionization along the
brush, but in addition our approach still predicts colloid�colloid
and colloid�counterion correlations that can be tested experi-
mentally. This can be contrasted to previous versions of this
model which did not properly account for the variations of charge
density or even alternative models such as the DPD25 or even
older blob26 models which make weaker predictions.

’THEORY

Interparticle Potentials and Correlations. The work pres-
ented here extends earlier models for charged colloids22 and
those coated by a neutral or polyelectrolyte brush,19�21,23 and
the reader is referred to these references for a discussion of the
integral-equation formalism and approximations. In short, the
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overall approach is based on the Ornstein�Zernike (OZ) equa-
tions for systems consisting of several species. Each species, i, has
its own charge, qi, and its own bulk concentration, Fi. In this case,
the total correlation functions, hi,j, and direct correlation func-
tions, ci,j, for each pair of species are related to one another
through the OZ equations (as Fourier transforms)

~hi, jðkÞ ¼ ~ci, jðkÞ þ ∑
l
~ci, lðkÞFl~hl, jðkÞ ð1Þ

where the subscripts denote different species, Fl is the bulk
concentration of species l, and, henceforth, the tilde denotes a
spatial Fourier transform. We treat the solvent as a continuum
with dielectric constant ε. As was shown in ref 20, as long as the
small ions are considered as points in the mean spherical
approximation, the problem can be transformed into one with
a single effective counterion, with effective charge and concen-
tration zp and Fp, respectively, and neutral point particles. In this
way, eq 1 is reduced to an OZ equation for a two-component
system, with the main problem being a matter of determining the
colloid�colloid and colloid�effective ion distributions. The “c”
and “p” subscripts will be used to denote the colloid and effective
counterion species.
In order to solve the set of coupled equations represented by

eq 1, we need a set of closure conditions. In the case of the
colloid�effective counterion correlations, the mean spherical
approximation (MSA) is used, i.e.

hp, cðrÞ ¼ � 1 ðr e Rp, cÞ ð2Þ
and

cp, cðrÞ ¼ � βup, cðrÞ ðr > Rp, cÞ ð3Þ
where Rp,c is the closest approach distance of the effective
counterion and colloid centers of mass, β = 1/kbT, kb is
Boltzmann’s constant, and T is the absolute temperature; up,c
is the potential for the interaction between the colloid and a
single effective counterion and will be discussed later. Since the
counterions have been assumed to be points, the MSA simply
states that cp,p(r) = �βup,p(r) = �βzp

2/εr.
As was shown in ref 20, the p�c correlations can be explicitly

determined in terms of the c�c ones for arbitrary up,c(r) within
the corona. The distribution of counterions around a colloid
modifies the interaction potential between colloid particles; what
remains is a one-component problem with an effective interac-
tion potential that can be used in closures such as the hyper-
netted-chain approximation (HNC), i.e.

β~uc, c;eff ðkÞ ¼ β~uc, cðkÞ �
Fpk

2~c2
p, cðkÞ

k2 þ k2
ð4Þ

where ~uc,c(k) is the Fourier transform of the unmodified poten-
tial and κ is the Debye screening wave vector (1/λD) and where
the reader is referred to ref 20 for the detailed form of cp,c(r). The
HNC closure thus becomes

gc, cðrÞ ¼ e�βuc, c;eff ðrÞ þ hc, cðrÞ � cc, cðrÞ ð5Þ

Contributions from the Corona.The preceding results allow
us to calculate the local distribution of macroions and more
importantly the local counterion densities for arbitrary interac-
tion potentials, up,c and uc,c (or uc,c;eff). Both depend on the
distribution and composition of monomers in the corona and can

be written as

uc, cðRÞ ¼ ∑
R, γ

Z
dr dr0 Fm,RðrÞuR, γðjr0 þ R � rjÞFm, γðr0Þ

ð6Þ
and

up, cðrÞ ¼ ∑
R

Z
dr0 up,Rðjr0 � rjÞFm,Rðr0Þ ð7Þ

where Fm,R(r) is the distribution of monomers of type R around
the core of a micelle, uR,γ(r) is the potential acting between
monomers of types R and γ, and up,R(r) is the potential between
a monomer of type R and an effective point ion.
For what follows, a mean-field approximation will be used; i.e.,

the average Fm,R(r)’s will be used to calculate the various
correlation functions. Of course, the local monomer density is
very sensitive to the counterion distribution, and vice versa, and
hence must be calculated self-consistently. As in the earlier
works, this will be accomplished by considering a single chain,
or ensemble of independent chains, and sampling conformations
by Monte Carlo simulation, from which the Fm,R(r) can easily be
constructed and then used to recalculate the correlations, and so
on.
Unlike our earlier works, we do not assume a constant degree

of ionization along the chain; rather, local chemical equilibrium
will be introduced. We let

Fm,RðrÞ ¼ fRðrÞFmðrÞ ð8Þ
where fR(r) and Fm(r) are the fraction of monomers in state R
and total monomer density at r, respectively. By viewing the
ionization equilibrium as an ideal binding equilibrium,15�17,24,27

it follows that

fRðrÞ ¼ e�βðφRðrÞ � μRÞ

∑
γ
e�βðφγðrÞ � μγÞ ð9Þ

where φR(r) is the average energy of a monomer of type R at
r and μR is its bulk chemical potential. The exact φR(r)’s are quite
complicated, depending on the chain conformations and coun-
terion distributions; here they will be treated within a mean field
approximation, i.e.

βφRðrÞ ¼ qRβΦEðrÞ þ ∑
γ
νR, γðfγðrÞFmðrÞ

þ
Z

dr0 fγðr0ÞFmðr0ÞFcgc, cðjr� r0jÞÞ ð10Þ

where the νR,γ’s are Flory excluded volume parameters and
ΦE(r) is the local electrical potential. The term with the integral
represents interaggregatemonomer�monomer excluded volume
interactions. The local electrical potential is most succinctly
expressed as its Fourier transform

~ΦEðkÞ ¼ 4π
εk2 ∑

R
qR~Fm,RðkÞ½1þ Fc~hc, cðkÞ� þ qpFp~hp, cðkÞ

 !

ð11Þ
where the terms in ~hc,c and ~hp,c correspond to the charge
associated with neighboring macroions or the counterions,
respectively.
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Finally, the mean potential,Φ(r), governing the conformation
of the corona chains can easily be expressed in terms of the
φR(r)’s as

e�βΦðrÞ ¼ ∑
R
e�βðφRðrÞ � μRÞ ð12Þ

up to an unimportant overall additive constant in Φ(r).
Thus, to recap, the conformations of one or more independent

chains are sampled using Monte Carlo, with eq 12 as the
potential. Periodically, the current average monomer density is
used to calculate the ionization fractions, eq 9, and these are then
used to recompute the potentials, eqs 6 and 7, and correlations as
described above.

’RESULTS AND DISCUSSION

Allowing the monomers to establish their own ionization
equilibrium has dramatic effects. If the μR are chosen in such a
way that the equilibrium of the free monomer corresponds

closely to acrylic acid, like Klein Wolterink,16 we see a marked
suppression of ionization of the micelle, particularly at low ionic
strengths. This can be seen in the titration curves shown in
Figure 1. Basically, having to overcome the ionized monomer�
monomer Coulombic repulsion adds a significant free energy
cost and results in suppressed ionization. Adding salt screens the
interaction and reduces the effect (as does reducing the aggrega-
tion number or making the monomers larger). All this is in
qualitative agreement with the results of ref 16. Shifts in the
ionization curves due to local potentials are not surprising and
have been used to measure the local surface potentials;28 note
however that they are much larger here.

Interaggregate repulsions increase as the chains ionize, mod-
erated by screening, and this leads to an increase in the second
osmotic virial coefficient. In the McMillan�Mayer theory of
solutions B2 = 2π

R
0
¥dr r2[1 � gc,c(r)]. By interpreting this as a

hard-sphere osmotic virial coefficient, i.e., B2 = 16πR
3/3, whereR

is an effective osmotic radius, we obtain the results shown in
Figure 2. Note that while the degree of ionization increases as the
pH is increased, so too does the ionic strength and screening for
pH > 7 and results in the turnover seen in the osmotic radii;
indeed, when screening is poor, a large portion the osmotic
radius simply reflects the length over which the interaggregate
electrostatic interactions are screened. In the limit infinite
dilution and very poor screening it is easy to show that
B2 ∼ 2πzc

2λD
2/(εkBT), resulting in the osmotic radii shown in

the dashed line in Figure 2. The first maximum occurs when the
screening length starts to decrease, while the second appears
when the chains ionize, although the poor screening approxima-
tion is clearly not valid here. The turnover in osmotic radius will
result in strong re-enentrant behavior in poly-ball crystallization
phase transitions as was predicted some time ago for surface-
charged colloids22 and seen experimentally.29 Again, the effects
are much larger here. Also note that decreasing the amount of
added salt leads to an increase in the osmotic radius; part of this is
simply due to the increase in the Debye screening length, but part

Figure 1. Titration curves at 298 K in water in the presence of added 1:1
electrolyte for infinitely dilute aggregates having 100, 100-monomer-
long chains, eachmonomer has a pKa of 4.0 (roughly that of acrylic acid),
is σ = 2.52 Å long and is grafted to a 50 Å radius core. Here νi,j = 0.22�
4πσ3/3. The dashed line is the titration curve for the isolatedmonomers.
Debye�Huckel ionic activities were used. The cases with filled-in points
exhibit bimodal end monomer distributions.

Figure 2. Effective hard-sphere osmotic radii for the cases shown in
Figure 1. The poor-screening limiting behavior, using the actual colloid
charges, is shown for the no added salt case (dashed line).

Figure 3. Corona rms diameter for the titration performed by Connal
et al.7 The open circles are the experimental data given in Figure 5 of
ref 7. The solid line was calculated for a system comprised of 32 chains,
each containing 88 monomers, the first 13 of which (as counted starting
from the core) were neutral while the rest had a pKa of 4.25 (the same as
bulk acrylic acid). All monomers were 2.52 Å long and the core had a
5 nm radius. The overall aggregate concentration was 3.8 μM. The νi,j’s
were all set to 62� 4πσ3/3, which was fit to the lowest pH experimental
result.
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is due to the strong stretching of the chains.19�21 This has been
observed recently by Jia et al.30

Finally, we have compared the rms diameter with the so-called
hydrodynamic diameters measured by Connal et al.7 in Figure 3.
In these experiments, a solution, initially at pH 11, was titrated
with acid until pH 2 was reached (the upper curve/data) and
then with base until the pH was again 11 (the lower curve/data);
along the way DLS was performed to measure a radius. Accord-
ing to ref 7, 15% of the chains were not deprotected and hence
cannot ionize; we have incorporated this into our calculation by
assuming that the undeprotected monomers were near the core
and made the first 13 monomers of each chain permanently
neutral. Our calculation is a one-parameter fit (the ν’s) to the
experiment. The overall agreement is reasonable, especially given
that the rms diameter is not the hydrodynamic radius measured
in DLS and that it is likely that the aggregate corona will shift
from a non-free-draining regime to a more free-draining one as
the chains stretch. In addition, for the aggregate concentration
studied, there are static correlations and interaggregate hydro-
dynamic interactions that should be taken into account in the
stretched (high pH) regime.31 The calculated results collapse to
more or less a single curve at low pH, as expected for a neutral
system and point counterions. The role of polyelectroly-
te�counterion steric interactions will be examined elsewhere.
If we define an effective pKa as the point where 50% of the
monomers are ionized, we get 5.0 and 5.6 for the added acid and
added base portions of the experiment, respectively. This is a bit
low compared with the value of 6.5 reported in Figure 4 of ref 7
although they are not particularly clear as to what solution
conditions were used. Finally, note that we predict that the
chains shrink at very high pH, unfortunately just beyond those
studied in ref 7, again due to screening of the electrostatic
interactions; this downturn may be overestimated as we have
assumed point counterions and or Debye�Huckel chemical
potentials. In addition, the ionic strength at the high pH end of
the base titration is quite large (ca. 1M), and it is possible that the
MSA is breaking down.

The most surprising result of this work is an effect that occurs
at intermediate levels of ionization. In the neutral, almost

completely un-ionized chain the corona is collapsed and shows
behavior similar to what might be expected from an ideal brush.
In contrast, the highly ionized chains are driven by Coulomb
forces to become almost fully stretched. Both of these behaviors
are reasonable and familiar. At intermediate levels of ionization,
however, the chains are faced with a choice. One possibility is that
all chains behave the same, resulting in similar, intermediate,
extents of ionization and stretching. The other possibility is that
some chains sacrifice their conformational entropy, becoming
highly ionized and extended, while others remain neutral and
collapsed. The Monte Carlo results indicate that the latter is the
case when the screening is low enough, with a few chains making
a large enthalpic gain by extending and ionizing at the expense of
entropy.

Figure 4 shows the distribution of monomers and chain ends
of a typical case. Here most of the charge resides on the
outermost monomers. Figure 5 shows a micelle configuration
from the same case. Note that there is significant exchange
between ionized�stretched and neutral�collapsed chains dur-
ing the Monte Carlo run that is reminiscent of pseudopods
encountered in nature.

Finally, Figure 6 shows some finite concentration, inter-
macroion results. In particular, note that the counterions are
rather loosely held by the chains, extending roughly 4 Debye
lengths from the ionized chains; at longer distances the counter-
ion and backbone-ion densities approach each other as required
by electroneutrality.

Modifying the existing methods for calculating chain conforma-
tions and correlation functions to allow for self-consistent degree of
ionization has provided some surprising results. The extent to which
ionization is suppressed, even at relatively high ionic strength, is
significant. Even more significant is the tendency of the chains in a

Figure 4. Total monomer, farthest monomer on a single chain, and
backbone charge densities for the system depicted in the preceding
figures, where now Fc = 2 � 10�7 M, in the presence of 10�4 M added
1:1 electrolyte and pH = 9.94. Here 10.6% of the monomers are ionized.
50% and 90% of the charge are situated on the outermost 6% and 18% of
the monomers, respectively, corresponding to the low-density tail of the
monomer distribution.

Figure 5. An image generated from one of the configurations of the
micelle used to generate the data in Figure 4. The color coding reflects
the extent of ionization, with red indicating ionized monomers and blue
indicating neutral monomers.
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micelle to dynamically partition themselves between coiled and
extended conformations as a means to balance entropic and
enthalpic factors. Our approach treats intra- and interaggregate
correlations and interactions on an equal footing (albeit within a
mean-field approximation) and results in correlation functions,
structure factors, etc. In the future, we will examine some more
exotic aggregate systems as well as partially relax the assumption of
point counterions.
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